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T . . - - . - o
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3. What is the main problem in this country? And How can the money raised help them?

*aEsEReEeE) . v oM

L 2 1 s
The mein mo\ plomn Tn H,r»bhu 0_1 Lrorve Leone it ooy’ and it/ wab
becanse 41/*¢Ve/ aven ’g ) /J, Pilitera i and 'ﬂ(M lh oy sey1ownly” Imu.a}T'_'/N

L1 amion ii%?uvu vahuu thnoay Ve
‘at;uh‘: theiy In!o»nL rmovlality

Tounls, Yhowah theve ave the wsle

/ Ll gooylu.

veale 16 niam J!-) Loy rh £t
the \.'m'\)\r\ﬁ !
Could  yau pleace  slabsnte bt g Ly :znel isgve ! ave f’*y sufter?
/ Cof Lo lé the o 'ur'\ "2 (73 % N b 1:11L}.\ ?‘-"‘ AN A
| A Intyealts l Lola_ watirenly : 2 _,

KEAEHTFFT LER, DR HE 2 F ~ Fd PAE - 3R

Pl FEHE L FRELRAL IR P L P e
G- B

-~

4. How can we combine our performance and the purpose to help people in the area?
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- Mozambique (& = 5. )
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< With the donation, what thing is the first to be bought for the
kids in the country? = i 1§ 3% ¥ 03078 B L & F & B 3024 R o
ZER LAY

< Is there any other way that you can do to help solve the suffered
children’ s main problem?:® 3 H s % i s JTetigdt X g% ™ 2
W57

< How will the money you raise help the country? Tell me the reasons
and give me some examples. i3 {7 g 4oiv it § & B B 77 5
LA R FE L k]G o

<~ What else can you senior high school student do to help them in
addition to donating money? “$ TARAR By HAHB B Y AR
E R F L Y

9. ®E TR
(1)7 Facts about Suriname
https://goo. gl/sgP4fn
(2) Bizarre Foods s06el9 suriname
https://goo. g1/1bUB3B
(3) Kids Helping Kids: Trick-or-Treat for UNICEF | UNICEF USA
https://goo. gl/udyc2y

(4) Teach For America - Let Us End Educational Inequity Now!
https://goo. g1/0q2x68
(5) UNICEF(Z & W23 /A & € )t
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https://www.unicef.org/

B XA E

1. 1. What did you learn from this activity and how do you feel?
2. What is the most challenging part in this activity?
3. What achievement you have done? P
4. If you had another chance to have this activity again, what things would you do/ not to do?

(~ L think the most {mPU(t(lﬂTq"‘l'f‘\J\j&' Legrn 15" communicate with teammate , and
1 feel wred buv enjouthis activitd | 4 2. Sometimes we have drfferent
opinions, so we have to have ear to [isten and respect  everygon®s tdeds . 3. The
ochievement I have done 1s plaging guitar «drawing the poster ang drstusi g
with owr group \eader. 4. T doem that T would treat thrs activity
mote tmportant . and I will listen pthe sugqestion from classmates, not

Tast o what T want, ond dont carce anyonhe. U
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. 1. What did you learn fforr; >th|s activity and how do you feel?
2. What is the most challenging part in this activity?

3. What achievement you have done?
4. If you had another chance to have this activity again, what things would you do/ not to do?
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An Application of Groebner Bases and
Corner Elements : Computing Colon Ideals

3K

Abstract
For every ne¥ , let g, be the ideal <x2“,y2“,(xy+ z)" ,z”> of the
polynomial ring R=x [x, y,z] and let m be the maximal ideal <x, y,z) of R.
In this thesis, we find a Groebner basis for the ideals gn and use the Groebner
basis to compute (qn:m). We also use the relation between the index of
reducibility N,(a) of a p-primary ideal a in a Noetherian local ring (A, p,k)

and the socle dimension Socdim(A/a) of A/a to prove that
n, if niseven,

N >
#(%h) {Zn, if nisodd.



1. Introduction

Suppose R is a Noetherian ring and suppose a is an ideal of R. It is
well-known that a can be written as an intersection of finitely many irreducible
ideals. In her 1921’s paper, Emmy Noether showed that if a=a na, "L Na,
is an irredundant intersection of irreducible ideals, then the number n is
always the same. In other words, the number n depends only on a, not on the
particular decomposition. This number n is called the index of reducibility of
a and we denote the number n by N.(a),or N(a) if thereis no ambiguity.

Let R=x[x,y,z] and let g, be the ideal <x2”, y" (xy+2)" ,z”> of
o} [x, y,z] for all ne¥. In this thesis, we want to compute N(qn). We will
provethat N(qg,)>n if n isevenand N(q,)>2n if n isodd.

In Chapter 2, we review some definitions and properties that we need. First, in
Section 2.1, if M is a module over a Noetherian local ring (R,m), we introduce
the socle of M, which is defined to be Soc(M)=(0:, m), and the socle
dimension Socdim(M) of M. We will also prove that if a is an m-primary
ideal, then

N (a)=Socdim(R/a) N (a) = Socdim(R/a).
For the case where R is not local, we will prove that if m is a maximal ideal of
R andif a isan m-primary ideal, then
Ng, (am) =Ng (a)
Hence we have that
Ng (a)=N; (a,)=Socdim, (R,/a,)

Secondly, in Section 2.2, we introduce some properties of monomials and
Groebner bases. Thirdly, in Section 2.3, we will prove that the determinant of a
special matrix is nonzero, which we will need in some proofs in Chapter 3.

In Chapter 3, we want to find a Groebner basis for the ideals q, . We will use
the special matrix that we discuss in Chapter 2 to find some special polynomials in
gn and we will use the properties of Groebner bases to deduce the set of the
polynomials that we find is indeed a Groebner basis for the ideals g, .

In Chapter 4, we use the Groebner basis which we find in Chapter 3 to show



that

ky,k52k-1

(g,:m)2q, +xyz <x2k, y2k><x, y>k_1
if n = 2k and that
(qn : m) Sq, + XkykZZk <X2k+1’ y2k+l><X' y>k n Xk+lyk+122k—l <X2k—l’ y2k—1><x, y>kfl
if n=2k+1.We will prove that the images of these extra elementsin R/q, are
linearly independent over = . Hence, their images in (R/q,) ; R,/(q,) are
also linearly independent over R /m, ; ? . Therefore, we have

_ n, ifniseven,
N (d,)=Ng, ((a,), ) = Socdim(R, /(qn)m)Z{Zn . ifnis odd.

2 Preliminaries
2.1 Index of Reducibility and Socle Dimensions

Let R be a Noetherian ring and let a be an ideal of R. It is well-known that
a can be written as an intersection of finitely many irreducible ideals. Let
a=anNa, L ma, bean irredundant intersection of irreducible ideals. In Emmy
Noether’s 1921 paper, she showed that the number n depends only on a, not on the
particular decomposition. This number n is called the index of reducibility of a
and denoted by N (a),or N(a) if there is no danger of ambiguity.
On the other hand, let (R,m,k) be a local ringand let M be an R -module.
Then the socle of M is

Soc(M)=(0:, m)={xeM | mx=0}.

Because mc Ann(Soc(M )) Soc(M) is a vector space over k . The
socle dimen- sion of M is the dimension of Soc(M ) as a vector space over k and
is denoted by Socdim(M ).

Suppose (R, m, k) is a Noetherian local ring and a is an m -primary ideal.
We want to know the relation between N(a) and Socdim(R/a). In fact, we will
show that N (a)=Socdim(R/a). When we prove this, we will need the following

three lemmas.

Lemma2.1l. Let (R, m,k) be a Noetherian local ring, letabe an m -primary



ideal, and let a,,a, beidealssuchthat a=a ma, "L ma,.Suppose aca
and ac a,. Then there exists an element x, ea, suchthat x ¢a, and
xe(a:m).
Proof. Since aisan m-primary ideal and since R is a Noetherian ring, we
have m"cacm forsome n.Hence m"a, ca.Since a, « a, we can choose
a ¥ U{0} suchthat m“a, za and m““a, —a.Hence there exists an element
xem“a,\a with mxca. Therefore, x, €a,, X ¢a,,and xe(a:m).
Lemma2.2. Let (R, m, k) be a Noetherian local ring and let a be an
m -primary ideal. If a is irreducible, then
Socdim(R/a)=1.

Proof. We first show that Socdim(R/a)=0, i.e., there exists an element
XG(a:m) and xea.Sinceais m-primary, m"cacm forsome ne¥.
Since m° z a, we can choose o e¥ U{0} suchthat m“ za and m“*ca.
Hence, there exists an element xem®\a suchthat mxcm-m*=m*“*ca,ie,
xe(a:m) and xga. Now we show that Socdim(R/a)< 2. Suppose not,
then there exist two elements x and y in (a : m)\a such that x+a and
y+a are linearly independent over k in R/a.Since x+a and y+a are
linearly independentin R/a, we have k(x+a)nk(y+a)=0 in R/a,ie,
((x)+a)n({y)+a)=a in R.Since x,yea,wehave ((a)+x)>a and
(<a> + y) >a.Hence a isreducible and we get a contradiction. Therefore,
Socdim(R/a)=1
Lemma2.3. Let (R,m,k) beaNoetherian local ring. Let M and N be R
-modules.
1. If ¢:M —> N isan R-module homomorphism, then ¢ induces an

R -module homomorphism Soc(¢):Soc(M)— Soc(N).

2. If 0——>M—5N isexact, then 0——Soc(M)—2530c(N) is

exactand Socdim(M )< Socdim(N).
3. Soc(M@N)=Soc(M)®Soc(N) and
Socdim(M @ N ) = Socdim(M )+ Socdim(N).
Proof. For 1., let x e Soc(M)=(0:, m)={xeM|mx=0}. We want to show that



#(x)eSoc(N),ie., mg(x)=0.Since yg(x)=¢p(yx)=¢(0)=0 forall yem,
we have mg(x)=0.
For 2., since ¢ is one-to-one, the restriction homomorphism Soc(¢) is also
one-to-one. Hence 0—— Soc(M )LW)SOC(N) is exact and hence
Socdim(M ) < Socdim(N).
Toprove 3., let x@®y beanelementin Soc(M @N), where xeM and
yeN.Since x®yeSoc(M®N),wehave m(x®y)=0 in M@®N . Hence
mx@my=m(x®y)=0 foreveryelement mem and hence mx=0 and
my =0 for every element mem. Therefore, we have mx=0 and my=0.
Hence, xeSoc(M) and yeSoc(N),andso x@®yeSoc(M)@®Soc(N).On
the other hand, if x@®y e Soc(M )@ Soc(N) with xeSoc(M) and
yeSoc(N),then mx=0 and my=0.Since m(x®@y)cmx®my=0 in
M@®N, x®yeSoc(M®N).Hence Soc(M @N)=Soc(M)®Soc(N) and
so Socdim(M @ N ) = Socdim(M )+ Socdim(N ).
Proposition 2.4. Let (R, m, k) be a Noetherian local ring and leta be an m -
primary ideal. Suppose a=a na, "L ma, isan irredundant intersection of
irreducible ideals. Then Socdim(R/a)=n
Proof. If a isirreducible, then we have n=1= Socdim(R/a) by Lemma 2.2.
Suppose n>2 and consider the R -module homomorphism
®:R/a—>R/a®R/a,®L ©R/a,

which is defined by r+aa (r+a,r+a,L ,r+a,) forall r+aeR/a.Since
kerd=a na,"L ma,=a,wehave @ isone-to-one. By Lemma 2.3, we have
that the induced homomorphism

Soc(®):Soc(R/a)— Soc(R/a, ®R/a, ®L ®R/a,)

is one-to-one and so
Socdim(R/a)<Socdim(R/a, ®R/a, ®L ®R/a,)
= Socdim(R/a,)+Socdim(R/a,)+L +Socdim(R/a,).

Since &, is irreducible, by Lemma 2.2 again, we have Soc(R/a)=1. Hence
Socdim(R/a)<n. On the other hand, since ais m-primaryand ac| a; for

j#i



all i=1,2,L ,n,byLemma 2.1, there exists x € | a; suchthat x #a and

x, €(a:m) foreachi=1,2,L ,n.We claim that >j<fi+a,x2+a,L X +a are
linearly independent over R/m =k . Suppose that they are linearly dependent

over k. Then there exist ¢, +m,c,+m,L ,c,+mek with

c,+m,c,+m,L ,c,+m notall zero such that c¢,x +c,x, +L +c X, €a. Without
loss of generality, we may assume c, ¢ m. Since R isa local ring, we know that
¢, isaunitin R.Since ¢Xx +C,X, +L +C X, eaca, andsince

X,, X5, , X, €@, we have cx €a andso X €a . Then we geta contradiction.
Hence x +a,x,+a,L ,x,+a,e(a:m)/a are linearly independent over k and
so Socdim(R/a)>n. Therefore, Socdim(R/a)=n.

Suppose R is a Noetherian ring and suppose a isan m -primary ideal, where
m is a maximal ideal of R.We want to show that Ng(a)=N; (a,),i.e.if
a=a na, L ma, anisan irredundant intersection of irreducible idealsin R,
then a, =(a)_n(a,) NL N(a,) isanirredundant intersection of irreducible
ideals in R, . First, we will show that if a is an irreducible m-primary ideal in R,

then a,, isalso irreduciblein R, .

Lemma2.5. Let R be a Noetherian ring and let m be a maximal ideal of R.
Suppose a isanirreducible ideal in R.If a isan m-primary ideal, then a,
is also irreducible in R .
Proof. Suppose a,=1nJ with a,cl and a,cJ,where | and J are
idealsof R ,.Let b=1~R andlet c=JnR.Since a,c1,wehave
aca,"Rc I nR=Db. Similarly, we have acc.Hence achbnc.Moreover,
we have

((bnc)/a)_; (bnc), /a, =(b, N, )/a, =0
and

((bnc)/a) ; (bnc),/a, =R, /R, =0

for any maximal ideal p in R with p=m.Hencewehave a=bnc. Since
a,cl and a,cJ,wehave acb and acc. Therefore, a isreducible and
we get a contradiction.
Proposition 2.6. Let R be a Noetherian ring and let m be a maximal ideal of



R.Ifaisan m-primary ideal, then Ng(a)=N; (a,).

Proof. Suppose N;(a)=n andsuppose a=a na, L Ma, isan irredundant
intersection of irreducible ideals in R . We want to show that

a4, =(ana,nL na,), =(a),N(a), "L N(a),
is also an irredundant intersection of irreducible ideals in R . For every
i=1,2L ,n,since a isirreduciblein R,wehave (a ) isirreduciblein R,
by Lemma 2.5. To show that the intersection is irredundant, we only need to show

that r(a;) donotmeet R\m.Sinceais m-primary,

isalso m-primary.

Hence we know r(a ) (R\m) isempty and the proof is complete.

2.2 Groebner Bases

In this section, we will introduce some properties of monomials and Groebner
bases that we will use in later chapters. Throughout this thesis, we use lex order

with x>y >z for the monomial ordering.

Definition 2.7. Let © [x, Y, z] be a polynomial ring, where © is the field of
rational numbers. Suppose f = Zn:aix“* y#z7 is a nonzero polynomial in
o [x,y,z], where a ex \{0}, nNe¥,and a,f,7 c¢., forall i=12L ,n.
1. The multidegree of f is
multideg(f):max{(ai,,ﬁ’i,y/i)|i:1,2,L n}.
2. The leading coefficient of f s
LC(f)=a,, where ([, )=multideg(f).
3. The leading monomial of f is
LM (f)=xy”z", where (a,p,y7)=multideg(f).

4. The leading term of f is

LT(f)=LC(f)-LM(f).
Definition 2.8. Let | beanonzeroideal in = [x,y,z].
1. The set of leading terms of elements of | is

LT (1)={LT(f)|f 1}.
2. Afinite subset G={g,,9,,L ,g,} of | iscalled a Groebner basis if



(LT(9,),LT(9,).L ,LT(g,))=LT(I).

Proposition 2.9. Any Groebner basis for an ideal | isabasisof I.

Forall f,g,,0,,L ,0,€? [x, Y, z] , the Division Algorithm for polynomials
tells us that we can divide f by g,,9,,L ,g,. Inother words, f can be written
as

f=ag +a,0,+L +ag,+r,
where a,,a,,L ,a,re?[xy,z] and either the remainder r=0 or no term of r
is divisible by any of LT(g,),LT(g,),L ,LT(g,). Itisworth pointing out that
the remainder depends on the order of g,,9,,L ,g,.. In other words, if we apply the
Division Algorithm to divide f by g,,9,,L ,g,, we may obtain a remainder
different from r. This causes a problem: even if we obtain a nonzero remainder
when we divide f by g,,9,,L , g, we still can not say that f is not contained
in the ideal <gl, g,.L ,gs>. Fortunately, Groebner bases can solve this problem.
Proposition 2.10. Let G={g,,9,,L ,g,} be a Groebner basis for an ideal
| ca[xy,z] andlet fex|xy,z].Then f el ifand only if the remainder on
divisionof f by G is zero.

This proposition can be proved using the definition of Groebner bases and the
following proposition.

Proposition 2.11. Let A beasubset of ¢2, and let
I :<x“yﬂzy\(a,ﬂ,y)e A> be a monomial ideal in = [x,y,z]. Then a monomial
x“y?77 el ifandonlyif x*y”z” isdivisible by x*y”z’ for some

|(a,ﬁ,7/)eA.

So far we have that if G is a Groebner basis of anideal | in © [x, Y, z] :
according to Proposition 2.10, we can easily check that whether a polynomial f
belongsto | by computing the remainder on division of f by G . Next, we
want to determine whether a basis is a Groebner basis. First, we introduce a
definition that we will need.

Definition 2.12. Let f,gex[x,y,z] be nonzero polynomials. If



multideg (f )=(, B.,7) and multideg(g)=(c,,5,.7,). then the

S -polynomial of f and g isthe combination
X% y/33 773 X% yﬁs 773
S(f,g)= -f - ‘g,
LT (f) LT (9)
where o, =max{a,,a,}, f,=max{f,.p5,}.

In general, we usually use the following theorem to determine whether a basis
is a Groebner basis.
Theorem 2.13.  Abasis G={g,,0,,L ,9,} foranideal | isa Groebner basis
if and only if for all i j, the remainder on division of S(g;,g;) by G is zero.
However, in this thesis, we will use the following definition and another

theorem to approach this problem.

Definition 2.14. Let G={g,,9,,.L ,9,} =? [ ¥,z]. Given fer[xy,z], we
say f reducestozero modulo G, denoted by

f—c0,
if f can be written in the form

f=2a9,+a0,+L +ag,
such that whenever a,g; =0, we have multideg ( f ) >multideg(a,g; ).

Theorem 2.15. Abasis G={g,,0,,L ,g,} foranideal | isa Groebner basis
ifand only if S(g;,9;)——c0 forall i=j.

The proof of this theorem is very similar to the proof of Theorem 2.13 and can be
found in [CLO, 2].



2.3 A Special Matrix and its Determinant
In this section, we will show that the determinant of the matrix
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is nonzero. This property will be used in Chapter 3. In order to show that, we prove

the following two lemmas first.
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SO0 =(rms)+ () = ()

k=0
Lemma 2.17 524(571)( 1)" pl-stk _ 0 Jft<s<l,
Al k=0 k =1 (—1)571(3_1)!' . S_l’

forall t,le¥ with |>s-1>t.

Proof. We prove this by induction on s. For the base case s=1, t must be 1 and
o)

S () () R =() () R =R =1= () (s

Suppose s>2 and suppose that the identity is true for s—1, i.e.,

(3—2)( 1kP|_S+1+k 0 ,|f t—-s-1
k ) t-1 = (—1)5_2(5—2)!,”:'[:8—1

s—2

k=0

forall t,1e¥ with 1>s-1>t. Then

2(5;1)(_1)‘( Ptl:ls+k
s—2
()0 R () ) R () () R
52
=(Sgl)(—1)0 P[I:ls n ;[( Sf)"'(ij ):|(_1)k Ptl:ls+k +(ﬁj)(_l)s—1 I:)t|7—11
s—2 s-3
Z(ng)(—l)o Ptl:ls + kl(siz)(_l)k Pt|:ls+k + ko(siz)(_l)kﬂ Pt|:15+k+1 +(::§ )(_1)571 Ptl—_ll
— s_2(5;2)(_1)k Ptl:ls+k + 8_2(5;2)(_1)“1 Ptl:ls+k+l
k=0 k=0
s-2 s—2
— ko(siz)(_l)k Pt|:15+k . ko(siz)(_l)k Pt|:15+k+1
If t<s-1,then
s-2 s—2
2 ( 5;2 )(_1)k Pt|:15+k _k70 ( 5;2 )(_1)k Pt|:15+k+l —0-0=0
If t=s-1,then
s—2 s—2



=

M 2

=5, then
-2

skz) Pl_ls+ Z( ) PI —s+k+1
k=0

- o1 ‘- o1
)( 1) I:PI s+ PI s+k+1:|

J(-)[(1-25+k+2) Pl ~(1-s+k+1) P ]

n
N

=

1l
L‘,,O
N

I
—

w
= |

N

L‘n S
1l
N O

I
—

w
=~ |

N

L‘D =
Il
N O

O s+ R

Il
—_
i
N

S
1l
o
N

S—.

==(s-1)2 (%) (-1 P

k

=—(s-1)(-1)""(s-2)!
=(-1)"" (s-1)!

Now we can use the two lemmas to prove the determinant of the matrix is

%)
N

I
o

nonzero.
Proposition 2.18. Let n,i, je¥ with i+ j—1<n. Then the determinant of the

ixi matrix

<
<

r o r X
<

is not equal to zero.
Proof. Let

L) (8

and let a, bethe (u,v) entryof A,ie,
a'uv _(J+| u— v+1)



forevery u,v=12L ,i.Let B bethe ixi matrix whose (u,v) entryis

i-u
i-v

(

0

b ) if usv

uv

={

,ifu>v

(3) (2) v (%)
s 0 (DL ()
M M O M
o 0o L (p

Then we have that the (u,v) entry of BA is

i i i—u
zbukakv = zbukakv = zbu(i—k)a(i—k)v
i=1 k=u k=0

i—u

> ("

k=0

n
J+k—v+1

)

Apply Lemma 2.16 with m=i—u and |= j—u+1, then we get

Hence we have

det(BA)

n+i-1

n+i-1

(j+-i1) (j+iz)

el (12) (553)
M M

() ()

(R (3)ee

n+i-u
jHi+l-u-v

Db =(,)

L (n+ji—l)
L ()
(0] M
L (i)
(j+i-1) (j+i-1)(j+i-2) (J+i-1)(j+i-2)L (j+1)
(n—j+1) (n—j+1)(n—-j+2) (n—j+)(n-j+2)L (n—j+i-1)
(j+i-2) (j+i-2)(j+i-3) L (j+i-2)(j+i-3)L (i)
(n—j+1) (n—j+1)(n-j+2) (n=j+1)(n-j+2)L (n—j+i-1)
M M 0] M
j i(i-1) (=L (j-i+2)

(n—j+1) (n—j+1)(n-j+2) (n—j+)(n-j+2)L (n-j+i-1)




1 (j+i-1) (j+i-1)(j+i-2) L (j+i-D)(j+i-2)L (j+1)
gl (7172 (i+1-2)(j+i-3) L (+i-2)(J+i-3)L |
- M M M 0 M

1 i i(i-1) L i(i-1L (j-i+2)

_P0i+j—1 P1i+j—l P2i+j—l L Piile
el PR R LR

M M M O M
_Poi+j—i Pli+j—i P2i+j—i L Piile
n+i—; n+i— n l

= j+i—1 j+i—§ j i i

where a ( )( )L( )

(n=j+1) " (n—j+2)7 L (n—j+i-1)"

Let C bethe ixi matrix whose (u,v) entryis

c, =P,
Then we have detB-det A=det(BA)=a-detC. Notice that a=0. Therefore, if
detC =0, then detA=0.Let D bethe ixi matrix whose (u,v) entryis

0 , ifu<v
Ay ={(”1)(—1)”_V, if u>v

u-v

Then we have that the (1u v) entry of DC is

zd“kckv Zdukckv Zduuk (i Z( S (1) P

Apply Lemma 2.17 with s = ut=v, and =i + j . Then we have

0 , if v<u

2 :{(_1)“'1@ )1, if v=u

Hence DC is an upper triangular matrix with nonzero diagonal entries. Thus
det D-detC =det(DC) 0. Therefore, detC 0. Thisimplies detA=0 and the

proof is complete.

3 Groebner Bases for the Ideals gn

In the polynomial ring = [x,y,z], let m be the maximal ideal (x,y,z), and for



2n

every ne¥,let q, be theideal <x ,yz”,(xy+z)n ,z">. In order to realize what
elements belong to the ideal (q,:m), we want to find a Groebner basis for g, .

Here, we handle the ideal q' =<x2",(xy+ zz)n,z”> first.

With decreasing order, we expand (xy + 22)n to
(xy+22) =x"y" (7)Y (5) Xy L+ ()2
Notice that the degree of every term of the polynomial above has the following
specific rule: If the degree of one term is (1,,1,,1,), then the degree of the next
term is precisely (l,—1,1,—11,+2). For convenience, we define P(l,,1,,1;) to be
the set of polynomials which are of the form
=ayX"y2z" +ax" 'y

-1,,b-1 I3+2 h—s,lb—s,l3+2s

+L +ax Ty Tz,

where a, e \{0}, a,a,L ,a,€? and sl,l,l,e¢ . Since (xy+22)n
satisfies the property, (xy+ 22)n e P(n,n,0).

Lemma3.l. Let f beapolynomialin q,'.If feP(2n—i,n—j,2m),then
forall —j+m=>0, there exist a;,a,L & ;,, €? such that
f —(aOX j+m+a1Xn i+m-1 —j+m 2+|_ +a X —i+jZ—2j+2m)(Xy+22)n+}.11X2n+h22n

for some h,h, ex[x,y,z].

n—i+m

Proof. Since f isa polynomial in qn':<x2”,(xy+zz)n,z">,thereexistsa
polynomial g=c,g,+¢,0,+L +c,g, such that T:g-(xy+zz)n in
q |/<X2n’Z”>,Where ¢l ,c,e? \{0} and g,,g,L g, aredistinct

monomials in & [x,y,z]. Then we have

f= g-(nyrzz)n

=(cgq+cg 4L +csgs)-(xy+zz)n

=gy (xy+2%) +cg (xy+z7 +L +cg,-(xy+2 ]
in q,"(x*",z"). Consider the set

T={xtrrmtyr iz e ¥ 2n—i+m—1>0, andn— j+m—120}.



After rearranging the indices of g,,9,,L ,g,, we can assume that

co (% +2%) .09, (xy+2?)" L .c,g,(xy+2?) are the terms whose leading
monomials belong to >, and that

Cralra (W +2%) Cp8r - (xy+22) L 0, -(xy+2%)  are the terms whose
leading monomials do not belong to X°. Notice that for each r=0,1,L ,s,

LM (crgr(xy+zz)n)eZ if and only if every monomial of crgr(xy+zz)n
belongsto X . Since feP(Zn—i,n—j,Zm),everymonomial of f Dbelongsto
3, hence the sum of ckgk(nyrzz)n for k=r+1r+2L ,s mustbe zeroin

a, '/<x2”,z”>. Thus we have

T =co8y (xy+22) +c0, - (xy+22) +L +c,g,-(xy+22)

in q,"(x’",z"), where LM (ckgk-(xy+22)n)e2 forall k=r+Lr+2L ,r.
Foreach k=0,1L ,r,since LM (ckgk-(xy+zz)n)eZ,

LM (ckgk (xy+ zz)n): X2 Hmeyn-imloz 2k and so

LM (¢ g, ) =x""""ky I hz% forsome I, ¥ with n—i+m—I, >0 and
—j+m-—1,>0. Since these g, are distinct, the corresponding |, are distinct too.

Hence, forall t=0,4,L ,—j+m, if we define

2

e, ift=I, forsomek=0,1L ,r
|0, otherwise

then we can write

f =(aoxn—|+my—j+m +alxn—|+m—1y—j+m—122 +L +a7j+an_l+JZ_21+2m)(Xy+ZZ)

in q, '/<x2”,z”> . Therefore, we obtain

f :(aoxn—|+my—j+m +alxn—|+m—ly—j+m—122 +L +a—j+mxn—|+jz—2]+2m)(xy+22) +h1X2n +h22n

for some h,,h, ex[x,y,z] and the proof is complete.

Lemma 3.2. Foreach i,je¥ with 0<2i+2j—2<n, there exists a



polynomial f eq,' suchthat feP(2n—i,n—j,2i+2j—2). Moreover, if we
further require that the degree of z ineverytermof f islessthan n and
LC(f)=1,then f isunique.
Proof. For existence, since Proposition 2.18 tells us that
(1) (52) & ()
det (j+ri]—2) (j+ri]—3) L (jil) ?50
M M O M
L) G b ()
there exists (g, oL, ,)€? " such that\

(i42) (=) K () a1 12

L
M M O M M
(%) L (iha) L% 0

Foreach k=01L ,i-1,define f, =a, -x"17*y" 2% (xy+2%)". We list the
coefficients and the corresponding monomials of f, in Table 1 and Table 2.

Then by adding the coefficients together for each column, we see that
i-1
> f=g-x"+f
for some polynomials g e@ [, )7:()2] and feP(2n—i,n—j,2i+2j-2) with

LT (f)=x*"y"1z%*12 Moreover, we have
i-1
f=>f —gx"
k=0
i-1 _
_ aan+ it —%/ I- —fz( kx_y )’% —
-0

k
i—1 n
:{Zakx””‘l‘ky“*"z 'Q}(xyjtz f-ogx é<x "(xy+2 ) ,ﬁ”>=qn .
k=0
Therefore, f isa polynomial that we need.

For uniqueness, let f eq," suchthat feP(2n—i,n—j,2i+2j-2), the degree
of z ineverytermof f islessthan n,and LC(f)=1. Since the polynomial

f eP(2n—i,n—j,2i+2j-2), we can apply Lemma 3.1 with m=i+ j—1, and



get
f :(ao

n+j-1,,i-1

n+j-2,,i-2

XY p g XMy 7

.. . n
24L +ai_lx”"“zz"2)(xy+ 22) +hx*" +hz"

forsome oy, .l ,, €? and h,h,ex[xy,z]. Since
LM (f)=x*""y"1z?*2"2 and LC(f)=1, making use of Table 1 (or Table 2),

we have the equation

|

)

(

n
j-1

) L

n
j-i+l

a, 1

o, 0
M|~

a; 0

Since the determinants of the square matrix in the above equation are not equal to

zero, again by Proposition 2.18, «,,,L ,¢,, are unique. Note that f has no term

with degree of x>2n or degree of z>n, hence the polynomials hx*" +h,z" is

uniquely determined by «,, L , e, ,. Therefore, f isunique.

Foreach i, je¥ with 0<2i+2j—2<n, Lemma 3.2 says that there exists

feq,' suchthat f e P(2n—i,n—j,2i+2j—2). Lemma 3.2 also tells us that if

the degree of z ineverytermof f islessthannand if LC(f):l,then f is

unique. For convenience, we use p(2n—i, n—j,2i+2j —2) to denote this unique

f inaq,".

Remark 3.3. Notice that

p(2n—i,n—j,2i+2j-2)=> ax

k=0

2n-i-K | ,n—j—k 5 2i+2 j-2+2k

Yy z

forsome le¥ ,where o,=1 and ¢, e forall k=12, ,I.Hence, if
2i+2j—2=n-1 or n-2,then 2i+2j—2+2k>n forall k>1 and then the

leading term of f

is the only term of f having the degree of z lessthan n.

Since the degree of z in every term of p(2n—i,n—j,2i+2j—2) is less than

n, the polynomial p(2n—i,n—j,2i+2j—2) must be a monomial and equal to

2n—i

X 2i+2j-2

y"'z



-t '1'0=9 & 10 .Ln... +fiz)- #nf?.a«;_‘?eu -0 = asym ¥ Jo S[EIOUOW B} PUE SYUSIIYE0D B3 SHENPUL B|q¥) &Y ],

N WEE O X
- () () () () &
o (W) () (e (G e (W I
() () (o e - ()-fo (@)1-fo -4
e () (Fi)w (V) L @ (e il L (HE Yy
# (e () (\3)eo o o Qe (N (Yo @ |y
R T L Ll L T Y T N T L e L R S T T e I
‘1 > [ 10 8880 81 |, :Z Bq8],
[=-3"""1'0=y e 0 ,_.Auu + fiz) .#uf_,_a«-_,:.\. Yo = [ azmym [ jo STETWIOUOW Y} PUE SJUSIIJB00 B} SHJEIIPUL B|qE) BY [,

e )™ R =
A_.....vn..& AU«;G Au..,..,.‘v«;c A.....\J«..c (Hzto @)= ey
S (2w (W)w G o (D)w () (HES 'l
S (") () (o e (D)o ()0 (u)oo @ |y

T nrnn.-«.nnn.\m.x:ﬂh vrnn.-ﬁn:?:m_:x:ﬂh T aﬂnTar-.S_x.&H

ﬂu@NN....\m.&H e Nl-«n..\m?-\_&H vx-ﬂu—.&a:f.s.&.u e NN««..I&N|:¢ﬂH _»_.-.\—._c:.&h.

't & [ 10§ 880 8y, 1 B|qE],

20



Next, we want to show that there does not exist a polynomial f in g’
such that f e P(2n—i,n—j,2i+2j—2—2l) forall | ¥ . In other words, if we

replace the condition f e P(2n—i,n—j,2i+2j—-2) by
f eP(2n—i,n—j,2i+2j-2-2I) forsome |e¥ inLemma3.2,the
polynomial f does notexistin q,". Before we do this, we make use of Table 1

and Table 2 and observe the following lemma.

Lemma 3.4.

not exist a polynomial f €q," such that

Let i',j,le¢ with O<i'+1<2n and 0< j+1<n. There does

f eP(2n—(i'+1),n—(j+1),2i'+2j'-2+21) and the degree of z in every term

of f islessthan n.

Proof. The proof is similar to the proof of uniqueness in Lemma 3.2. Assume that f

is apolynomial in q,' suchthat f eP(2n—(i+1),n—(j+1),2i'+2j'-2+2l)

and the degree of z in every term of f is less than n. Since

f eP(2n—(i'+1),n—(j+1),2i'+2j'-2+2l), we can apply Lemma 3.1 with

ii=i'+1,

f=(opX™ 7y 4+ ayx

for some h,h, e [x,y,z].Since LM (f)=x

nj'=2,,i'-22

y

z

+L +¢ X"

j=]j+1, m=i+j'-1+I, and get

i) 2i2

2n—(i'+l)

)(xy+ 22)n +hx*" +h,z"

yn—(j'+l)22i'+2j'—2+2l ’ making use

of Table 1 (or Table 2) with i, j replaced by i, j', we have the equation

B n
jrHit-1

n
-2

M

L (5)

) (
) (

5) K
gl L

M O

(h) v |

(5
(+%)

M

n
j-ittl

.

a, 0

o, 0
M|

., 0

Since Proposition 2.18 tells us that the determinants of the square matrix in
the above equation are not equal to zero, we get ¢, =, =L =¢, , =0. Hence

f =hx* +h,z". Notethat f has no term with degree of x>2n or degree of

Z>n, hence the polynomial

f must equal zero. Therefore, we get a



contradiction.
Corollary 3.5. Let i, j,I €¥ . There does not exist a polynomial f in q,'
suchthat f e P(2n—i,n—j,2i+2j—2—2l) and the degree of z ineveryterm

of f islessthan n.
Proof. Apply Lemma 3.4 with i'=i-1 and j'=j-1.
Lemma 3.6. Let

G':{xZ”,z",(xy+z2)”, p(2n—i,n—j,2i+2j-2)fi,j e¥,0<2i+2j—2<n}

and let f beapolynomialin q,'.If feP(2n—iyn— j,,2m,) forsome
) Jo. My €¥ ,then f——¢ 0.
Proof. Since f e P(2n—iy,n— j,,2m,), we can write

y y
with o, L ,a,€? and o, #0.Let g, bethe sum of thetermsof f in

2n—iy—1, ,n—jo—1-2my+2 2n—iy—s | ,N—jo—S 5 2My+2s

f =g X"y hz?™ 4 o x 2™ 4L +aXx z
which the degrees of z arelessthan n andlet h be the sum of the terms of
f in which the degrees of z are greater than orequalto n.Then f=g,+hz".
If g,=0,then f=g,+hz"=hz".
Since multideg (h,z")<multideg(f) andsince z"e€G',wehave f—c0.
If g,#0,then g, eP(2n—i;,n—j,,2m,) and the degree of z in every term of
g, islessthan n.If 2m,<2i,+2]j,—2,then 2m, =2i,+2j,-2-2l for some
Il ¥ and Corollary 3.5 tells us that such a polynomial g, does not exist.
Hence 2m, >2i,+2j,—2. Thus, we can write
g, =22 P g (2n—i n— o, 2i, +2j, —2) + T,
where f, =0 or f eP(2n—i,—ly,n,—j,—1,,.2m,+2l)) forsome I, ¥ . If
f, =0, then
f=g,+hz"
=b 7P I ni oA 2,42 0 H2 + B
=bz?™ 2 g (2n—ig,n— i, 2i, +2j, —2)+hz" .
Since multideg (b,z"™ ****+? p(2n—iy,n— j,, 2i, + 2J, —2)) < multideg 1 ),
multideg (h,z") <multideg (f) andsince 2", p(2n—iy,n— jy, 2, +2j,—2)€G",
we have f——c0.If f,20,welet i =i,+l,, j,=]j,+l,,and m =m,+I,.

Then f eP(2n—i,n—j,2m) andwe canwrite f =g,+h,z", where g,=0



or g,eP(2n—i,n—j,2m,), the degree of z ineverytermof g, is less than
n,and h,ea[xy,z]. If g,=0,then
f =bz°™ P2 D (20—, n— jo, 2y +2j, —2)+ f, +hz"

=z % Hp(2n—i n-j o245 j2- )Rg +hz"$h2"

=h "™ 2 Z)p(2n—i n—j o i24 j2- )RhZ"s#hz".
Notice that multideg (blzzm°‘(2i°+2j°‘2) p(2n—iy,n— jo, 2i, + 2], —2)) = multideg ( ),
multideg (h,z" ) < multideg (f), and multideg (hz") < multideg ( f ), so we have
f——e0.1f g,#0,since g, eq,", by Corollary 3.5 again, we have
2m > 20, +2j,-2.
Therefore, similar as above, we can write

g, =b, 2" A p(2n—i,n—j,2i, +2j,—2)+ f,,

where f,=0 or f,eP(2n—i—I,n—j —I,2m+2l,) forsome I, ¥ .If

f, =0, then
f = z°™ P 22 (2n —j,n— jo, 2y +2j, —2)+ g, +h,z" +hz"
=b 2™ 2260 n i oA gj2,F 2 o)
+h, ZM (A28 p i oA 2,429
+f,+hz"+hz"
:bl fmo—(2i0+2j092|é2 H—O,i A O;jzo‘i'z O'j)
+h, ZM (A28 p i oA 2,429
+h,z2" +hz".
Since the multidegree of every term in the last expression is less than or equal
to multideg(f), f—c0.1f f,=0,welet i,=i+l, j,=j+, and
m, =m, +1,, and continue the same discussion as above. More precisely, for each
k>2,if f, =0,welet i =i+l ,, j =]+l ,,and m =m_,+Il_,,and
write f, =9,,,+h..,z", where g,,,=0 or g, €P(2n—i,n—j,,2m,), the
degree of z ineverytermof g, islessthan n,and h. ex[xy,z]. If
0., #0, by Corollary 3.5, we have 2m, >2i, +2j, —2. Thus, we write
gk+l = +122mk7(2ik+2jk72) p(zn_ik’n - jk’2ik + ZJk _2)+ fk+l’
where f_, =0 or f,, eP(2n—i —l,n—j —I.,2m +2l ) forsome I, e¥.

Notice that 2n—i, >2n—i, >L is a decreasing sequence of nonnegative integers,



so the discussion must stop eventually; in other words, we will eventually obtain

f,=0 or g,=0 forsome se¥.
If f, =0, then we have

f =bz°™ P 2o 2 g (20—, n— j,, 20, +2j, —2)
+h,22™ PR g (on i, n -, 2i, + 2, - 2)
+L b 2260 n i R L, 24,042 L) )
+h,z"+L +h,z" +hz".
If g, =0, then we have
f =bz®™ 2 p (2n—ig,n— j;, 2i, + 2], —2)
+h,2"™ B2 g (2n i, n— j,, 2i, + 2], - 2)
+L b 2™ P 0200 no R 200 +2 )
+h,z2"+L +h,z" +hz".
Since in either case the multidegree of every term on the right hand side is less than
or equal to multideg( f) and since
p(2n—ig,n— jo, 2 +2j, —2), 2™ ** 22 p(2n—i,n— j, 2i, + 2], —2),L
p(2n—i_,n—j ,,2i  +2j,—-2),2" G, we have f——c 0 and the proof
is complete.
Proposition 3.7. The set

G':{x2“,(xy+z2)”,z",p(2n—i,n—j,2i+2j—2)|i,je¥,0<2i+2j—2<n}
is a Groebner basis for ¢, '.
Proof. Let g,,9, € G'. Note that the S-polynomial of g, and g, must be zero

or contained in P (2n—iy,n— j,,2m,) for some iy, j,,m, €¥ . By Lemma 3.6, we
have S (gl, gz)—xs- 0. Thus by Theorem 2.15, G' is a Groebner basis for

q, -
Remark 3.8. Let q." be the ideal <y2",(xy+zz)n,z”> in o [x,y,z]. Since

g," obtained by exchanging the variables x and y in q,', according to
Proposition 3.7, we know that

G'={y” (xy+2)" 2" p(n-j.2n-i,2i+2] -2)fi, je ¥ 0<2i+2]~2<n]

is a Groebner basis for ¢, ". Moreover, p(n— j,2n—i,2i+2j—2) is obtained by



exchanging the variables x and y in p(2n—i,n—j,2i+2j—2). Hence, if we
write
p(2n—i,n—j,2i+2j-2)
— Xn—jy2n—i22i+2j—2 +0(1Xn_j_ly2n_i_122i+2j +L +a|Xn_j_| y2n—i—|22i+2j—2+2|.
Then we have
p(n—j,2n—i,2i+2j-2)
+alxn—j—1y2n—i—122i+2j L +alxn—j—l y2n—i—lzzi+2j—2+2I.
(i) g
.

n—j.,2n—i52i+2j-2
= X"y

Therefore, we have x*"("g, = y/

Proposition 3.9. The set

Gz{xz”,yz”,(nyrzz)n,z”}
u{p(2n-in j2#2 P2 i¥g L& 2 2}
u{p(n-j2ni2#2 j2 ¥ & 2 2j|

is a Groebner basis for ¢, .

Proof. Let

G':{xz",(xy+z2)",z”,p(2n—i,n—j,2i+2j—2)|i,je¥,0<2i+2j—2<n}

and let

G":{yz",(xy+22)n,z”,p(n—j,2n—i,2i+2j—2)|i,je¥,0<2i+2j—2<n}.

Then G=G'UG". By Proposition 3.7 and Remark 3.8, G' and G" are
Groebner bases for g," and q,", respectively. We want to use Theorem 2.15 to

show that G is a Groebner basis for q,,i.e., forany g,,0,€G,
$(9,,9,)—c0.Let g,,0,€G.

If g, and g, arebothcontainedin G',then S(g,,9,)—>e 0 because G'
is a Groebner basis for q,". Hence we know that S(g,,9,)—¢ 0. Similarly, if
g, and g, areboth containedin G", we also know that S(g,,9,)—¢0.
Now suppose g, and g, are in different sets. Without loss of generality, we
assume g,eG' and g,eG".If g,=x"" and g,=y", then S(g,,9,)=0
andso S(g;,9,)—c0.If g, =x*" and g, =y*, let
9,=p(n—j,2n-i,2i+2j-2),

where i, je¥ and 0<2i+2j—2<n. Consider the polynomial
g,=p(2n—i,n—j,2i+2j-2)eG",



then we have x*""lg = y@"lg by Remark 3.8. Note that
S (gl’g3) = yn_szn _Xigs

and
$(g,,9,) =y X" —x*" " g,
y2n |X XiX(Zn i)—(nfj)gz
y2n IX X y —(n— J)g
y (2n-) £ nﬂl{ yl g( Ny @
=y@ I8 (g,,9,).

Since G' is a Groebner basis for g," andsince g¢,,9,€G", we have
$(9,,9;)—¢ 0 andso S(g,,9;)—>c 0. Therefore, S(g,,9,)—>0.
Similarly, if g, =x*" and g,=y*", thenwealso have S(g,,9,)—>c0. If
g, #x™" and g, #y>", let
9,=p(2n—i,n—j,2i,+2j,-2)eG’

and

9,=p(n—j,2n—i,,2i,+2j,-2)eG".
Without loss of generality, assume 2n—i, >2n—i,, where i,i,, j;, j, €¥ with
0<2i,+2}),—-2<n and 0<2i,+2]J,—2<n.Consider the polynomial

9;=p(2n—i,,n—j,,2i,+2j,-2)eG",

(2n-iz)(

then we have X" ("klg —y "k)g. by Remark 3.8 again. Note that
since 2n—i, >2n—1i,,
S(gl,gS): yMy—(n—jl) g3,

where My:max{n_jl’n_jz} and M, =max{2i, +2j,-2,2i,+2j,-2}.

7 M, —(2i;+2j;-2) gl _ X(2n—i1)7(2n—i2) yMy_(n_jZ)Z —~(2i+2],-

Moreover, forany i, je¥ with 0<2i+2j—-2<n, we have isg<n and so

2n—i>n>n-j. Therefore, we have
$(9:.9;)
y (2n-i,)~(n- h)z Z—(2i1+2j1—2)gl_X(Zn—il)—(n—jz)zMZ—(2i2+2j2—2)gz
y (2n—iy)—(n- Jl)ZMZ—(2i1+2j1—2)g1 _ X(Zn—il)—(Zn—iz)X(Zn—iz)—(n—jz)ZMZ—(ZiZ-*—ZjZ—Z)g2
y 2n |2 n Jl)z (2i1+2j1—2)g1 _ X(Zn—il)—(Zn—iz)y(2n—i2)—(n—j2)Z 2|2+2]2 93
y (2n-i)-M, |:yMyf(nfjl)ZMz—(2i1+2j1—2)gl _ X(Zn—il)—(Zn—iz)yMy—(n JZ)Z ~(2i+2,- 2)93}



=y 5 (g,,0,).

Since G' is a Groebner basis for q,' andsince g,,9,€G’, we have
$(9,,9,)—e 0 andso S(g,,9;)—c 0. Therefore, S(g,,9,)—>c0.By
Theorem 2.15, G is a Groebner basis for g, .

4 The Colon Ideals (gn : m)

In this chapter, we use Groebner basis to find which elements belong to the colon
ideals (q,: m) . The case of n being odd is more complicated than the case of n
being even, hence we handle the case of n being even first.

4.1 The Case of n Being Even

Proposition 4.1. If n=2k forsome k e¥ ,then
k., ko2k-1

(g,:m)q, +xy*z <x2k,y2k><x, y>k71.
Proof. Let f e xkyk22k‘1<x2k, y2k><x, y>k71. We want to show that xf, yf,zf eq, .

Since e x*y 2 (x*,y*)(x,y)"", without loss of generality, we may assume

f ky,/K52k-1,,2k 5,2k k-1-s

=Xy 27Xy y
forsome se¢ with 0<s<k-1.If s=k-1,then
k,k-52k-1,,2k ,k-1,,2k k—l—(k—l)

f =Xy 27 X" Xy y
=X4k—1y k—kz 2k
— X2n— 1yn— kZ H.
Let i,=1 and j, =k—1. Consider the polynomial
p(2n—i,n—j,2i,+2j,-2)eG.Since 2i+2j-2=2+2k—-2-2=n-2, by

Remark 3.3, we know p(2n—i,n—j;,2i, +2j, —2)=x*""y" %z". Since

xf = X2nyn—kzn—11
yf =2yt oy gp (20—, n— i, 20, + 2, - 2),
7f = X2n—1yn—kzn

and since the polynomials x*", p(2n—i,n—j,,2i,+2j,—2),and z, belongto
q,,we have xf,yf,zf belongto q,.If 0<s<k-2,then

f — Xk yk ZZk—1X2kXS yk—l—s

3k+ s 2Ie1—522

_ X2n—(k—s) yn—(s+l)zn_1 .



Let i,=k—-s-1, j,=s+1, i,=k—s,and j,=s. Consider the two polynomials
p(2n—i,,n—j,,2i,+2j,—2), p(2n—i;,n— j;,2i;+2j,—2) G Since
2i,+2j,-2=2(k—-s-1)+2(s+1)-2=2k-2=n-2
and
2i,+2j,—2=2(k—s)+2s-2=2k-2=n-2,
by Remark 3.3, we know
2n—i, yn—12 72

p(2n—i,,n—j,,2i,+2j,—2)=x

and

2n—ig

p(2n—iy,n— j;, 20, +2j, —2) = x*" By k7"
Since
xf = x2Sy Izt o 2 1 20— gp (20—, Ny, 20,42, —2),
yf = x2S lynosgnt = 2yl = gp (20—, n— g, 20, + 2, —2),
A — X2n—(k—s)yn—(s+l)zn
and since the polynomials
p(2n—i,,n—j,,2i,+2j,-2),p(2n—i;,n—j;,2i;+2j,—2),and z" belong to
q,, we have xf,yf,zf belongto q,.
Proposition 4.1 shows that if n= 2k, the image of
Xkyk22k—l <X2k, y2k > <X, y>kfl
in R/q, iscontained in (qn :m)/qn. In the following proposition, we will show
that the images of the minimal monomial generators of
Xy 2% (x**, y*)(x,y)"" are linearly independent over o in R/q,.
Proposition 4.2. If n=2k, then the images of the minimal monomial generators
of x“y*z** <x2k, y2"><x, y>k_l are linearly independent over @ in R/q,.
Proof. We want to show that forall s=0,1,L ,k-1 and t=0,1L ,k-1, the
ky,k-52k-1,,2k,,s, k-1-s Ky, ko2k-1,,2k,t k-1-t

images of X‘y zT XXy T, Xy zTyTXy are linearly independent over
% in R/q,; in other words, if

f= gasxzn—(k—s) yn—(s+1)zn71 n gbtxn—(m) yzn—(k_t)zn,l
- t=0

belongsto q,,then a,=b =0 forall s=0,4L ,k-1 and t=0,1L ,k-1,i.e,
if f belongsto q,,then f =0.Suppose f =0.Then the leading monomial of
y

t+1)  ,2n—(k-t

f must be equal to x>y =Bz gr x )2 for some



0<s<k-1 and 0<t<k-1.Without loss of generality, we may assume that the
leading monomial of f equals x*"*~*)y"%z" for some s=0,1L ,k—1. Since
Proposition 3.9 tells us that
G :{XZ”, y2”,(xy+zz)n,z”}
u{p(2n-i,n-j,2i+2j-2)fi, je¥,0<2i+2j-2<n|
u{p(n-j,2n-i,2i+2j-2)fi,je¥,0<2i+2j-2<n|
is a Groebner basis for g, , by Definition 2.8, (LM (G))=(LM(q,)). Hence, by
Proposition 2.11, if we know that LM ( f) is not divisible by any monomial in
LM (G), thenwe have f gq,. Itisclearthat LM (f)=x"1"y" 1 js
not divisible by the leading monomials of the following polynomials:
X", yz",(xy+ zz)n,zn ,and p(n—j,2n—i,2i+2j—2) forall i,je¥ with
0<2i+2j—2<n. More precisely, LM (f) isnotdivisible by x*" because
2n>2n—(k—s); LM(f) isnotdivisible by y*" because 2n>n—(s+1);
LM (f) isnot divisible by LM (xy+ zz)n): x"y" because n>n—(s+1);
LM (f) is notdivisible by LM (p(n—j,2n—i,2i+2j—2))=x"Ty?" iz
because 2n—i>n>n—(s+1). For the remaining monomialsin LM (G), i.e.,
LM (p(2n—i,n—j,2i+2j-2))=x*""y" 17?2 with i,je¥ and
0<2i+2j—2<n,if LM(f) isdivisible by x*"'y"z?*21"2 then we have
2n—(k-s)=2n-i, n—(s+1)=n—j ,and n-1>2i+2j-2,
then we obtain
i>k—s, j=s+1,and n-1>2i+2j-2,
and thus
n-1>2i+2j-2>2(k-s)+2(s+1)-2=2k=n>n-1,
which is impossible. Hence LM (f) is not divisible by
LM (p(2n—i,n—j,2i+2j-2)) forall i,je¥ with 0<2i+2j-2<n.
Therefore we have f ¢q, and get a contradiction. Hence f =0 and this
completes the proof.
Since Proposition 4.2 tells us that there are 2k =n elements which are
linearly independent over o in R/q,, theirimagesin R /(q,) ; (R/q,) are
also linearly independent over ? R_/m,_. Hence we have



Ne (dh)=N¢ ((a,), ) =Socdim(R, /(q,),)=n.

4.2 The Case of n Being Odd
Lemma4.3. Let i,je¥ with 2i+2j—2=n-3. Then the monomial

y

2n—i,,n—j Zn—Z

f=x
isin q,.
Proof. Consider the polynomial p(2n—i,n—j,2i+2j—-2)eq,. Since
2i+2j—2=n-3, we may write

2n-i-1, ,n—j-1

p(2n—i,n—j,2i+2j-2)=x>""y" 12"+ o x>y

n-1

z

Since
f= X2n—iyn—jzn—2
= Z[in_i Yz o x By 2 ]—lmlx noizyntib g0
=zp2n-ji R 242 J2 e TR "y
and since p(2n—i,n—j,2i+2j—2) and z" both belongto q,, we have
feq,.
Proposition 4.4. If n=2k+1 forsome ke¥ ,then

(qn . m) >q,+ Xk ykzzk <X2k+l’ y2k+l><x, y>k " Xk+lyk+122k—l <X2k+11 y2k+l> <X, y>k—1.

Proof. Let f ex*y*z* <x2k+l, y2k+1><x, y>k . We want to show that xf,yf,zf eq, .

Since f ex*y*z* <x2k+l, y2k+1> (X, y>k , without loss of generality, we may assume

f — Xk yk ZZk X2k+1xs yk—s

forsome se¢ with 0<s<k.If s=k,then

f — Xk ykZZkX2k+le yk—k

— X4k+ lyk ZZ

— X2n— Jyn—(kJrl)Zn— '
Let iy =1 and j, =k.Consider the polynomial p(2n—i,n—j,,2i,+2j,-2)eG.
Since 2i,+2j,-2=2+2k—-2=n-1, by Remark 3.3, we know
2n—i,

p(2n—i,,n—j;,2i,+2j, —2)=x*""hy" k"

Since
2n n—(k+1)zn—1

xf =x"y
yf = X"y = Py o p(2n —i;,N—Jp, 21, +2j, — 2)’



7f = x2tyr kg

and since the polynomials x*", p(2n—i,n—j,,2i,+2j,—2),and z" belong to
q,, we have xf,yf,zf belongto q,.If 0<s<k-1,then

f — Xk yk22kx2k+1xs yk—s

— X3k+ s+ly 2k— ? .

(ke shy o ey
Let i,=k-s, j,=s+1, i,=k—s+1,and j,=s. Consider the two polynomials
p(2n—i, n—j,,2i,+2j,-2), p(2n—iyn—j;,2i,+2j,—2)eG. Since

21, +2j,-2=2(k—s)+2(s+1)-2=2k =n—1

and

2i,+2j,—2=2(k-s+1)+25—2=2k =n—1,
by Remark 3.3, we know

p(2n—i,,n—j,,2i, +2j, —2) = x>y k"
and

p(2n—iyn— jg, 20, +2j,—2) = x>y k"
Since
xf = x2S szt — y2n-hyn-lognt p(2n—i,,n—j,,2i,+2j,-2),
yf = 2 kestlynsgnt 2t yn-isgnt p(2n—i,,n—j;,2i,+2j, - 2),
2f = x2Sy st y2nch s gn
and since the polynomials p(2n—i,,n— j,,2i,+2j,—2),
p(2n—iy,n—j,,2i;,+2j,—2),and z" belongto q,,wehave xf,yf,zf belong
to q,.
Similarly, for g e x“y*z% (x**%, y?“1)(x, y)*", we want to show that
Xg,Y9,2g €q, . Let gex "y iz¥? <x2k+l, y2k+1><x, y>k7l . Without loss of

generality, we may assume
g — Xk+lyk+122k—lx2k+lxsyk—l—s
forsome se¢ with 0<s<k-1.If s=k-1,then
k+1, ,k+152k-1,,2k+1 k-1, ,k-1—~(k-1)

g =X "TyzF T X Ty

4k+1, ,2k+1-k o, 2k-1
= xHtyPkry

2n-1,,n-k ,n-2

= X"ty



Let i,=1 and j, =k.Consider the polynomial p(2n—i,,n—j,,2i,+2j,-2)eG.
Since 2i,+2j,-2=2+2k-2=n-1, by Remark 3.3, we know
p(2n—i,,n—j,,2i,+2j, —2)=x*""ty" k"

Since
Xg X yn k 5 n— 2
zg =x"'y"*z"* = p(2n-i,,n—j,, 2i, +2j,-2),

and since the polynomials x*" and p(2n—i,,n—j,,2i,+2j,—2) belongto q,,
we have xg,zg belongto q,.Toseethat ygeq,, welet iy=1 and j,=k-1.
Since 2i,+2j,-2=2+2k—-2-2=n-3, by Lemma 4.3, we have that the
monomial

yg = X2n—1yn7(kfl)zn—2 _ x2s
belongsto q,.If 0<s<k-1, then

yn—j5zn—2

k+1, ,k+1,2k-1 2k+l s, k-1-s
g=x"Yy 'z X'y
— X3k+s+2y2k sZZK -1

_ XZn—(k—s)yn—(s+l) 2
Let iy=k—-s and j, =s+1. Consider the polynomial
p(2n—is,n— js,2is +2j, —2) € G . Since
2ig+2j;—2=2(k—s)+2(s+1)—2=2k =n-1, by Remark 3.3, we know

p(2n—is,n— jg, 2ig +2js —2) = X"y " bz
Since

zg = X"y b (2n—ig,n— g, 2ig + 2, —2)
and since p(2n—iz,n— js,2i+2j;—2) belongsto q,,we have zg belongs to
q,. Toseethat xg,ygeq,,welet i,=k-s-1, j,=s+1, i;=k-s, and
Jg =S . Since
2i, +2j,-2=2(k—s-1)+2(s+1)-2=2k—-2=n-3

and

2ig+2j,—2=2(k—s)+2s-2=2k-2=n-3,
by Lemma 4.3, we have the monomials
2n—(k—s—l)y

Xg = X n—(s+l)Zn—2 _ XZn—i7 yn—j7 Zn—2



and

—(k=s),,n-s,n-2 2n—ig

yg = X"y = eyl g2
both belong to q,.
Proposition 4.4 shows that if n = 2k + 1, the image of
Xkyk22k< 2k+1’ y2k+l><x’ y> +Xk+lyk+1 2k 1< 2k+11y2k+1><x, y>k—1
in R/q, iscontained in (qn :m)/qn. In the following proposition, we will show
that the images of the minimal monomial generators of
x“ykz* < X2 ka*1><x, y) + xitykHz 1< Gl yz"*l><x, y>k_l are linearly
independentover & in R/q,.
Proposition 4.5. If n=2k+1, then the images of the minimal monomial
generators of
Xk ykZZk < 2k+1’ y2k+1><X’ y> + Xk+lyk+1 2k-1 <X2k+1 y2k+1><X y> -1
are linearly independent over @ in R/q,.
Proof. The proof is similar to the proof of Proposition 4.2. We want to show that
forall s=0,4L ,k, t=0,4L ,k, u=0,14L ,k-1,and v=0,1,,L ,k-1,

the images of
ky,ko2k,2k+l,,s, k-5 ki, ko2k,,2k+1 t kt k+l k+1,2k-1,,2k+1,,u k-1-u

XY ZHXTXEY T XY 2T YT X Y Yy XXy
and

k+1 k+l 2k-1,,2k+1,,v, k-1-v

Xy y - xy
arelinearlyindependent over & in R/q,; in other words, if

f _za X —(k— s+1 s+1 —1+sz t+1)y2n (k t+1)Z n-1
s=0 t=0

k-1 k-1
+ZCUX2n—(k—u)y (u+l +Zdvx (v+1) y2n (k- v)Z -2
u=0

belongsto q,,then a,=b =c,=d,=0 forall s=0,1L ,k, t=01L ,k,
u=0,4L ,k-1,and v=0,1L ,k-1,i.e.,if fbelongsto q,,then f =0.

Suppose f #0. Then the leading monomial of f must be equal to
2n—(k—s+l)yn—(s+l) n-1 n—(t+1)y

7 X 2n—(k—t+l) n-1
yz”‘(k‘v)z”’2 . Without loss of generality, we may assume that the leading

X M X2n—(k—u)yn—(u+1)zn—2’ or
Xn—(v+l)

2n—(k—s+1) (s+1) ,n-1

y" ezt o )2k Zn2 for some
s=0,1L ,k or u=0,1L ,k-1. Since Proposition 3.9 tells us that

monomial of f equals x



G:{xzn,yzn,(xy+zz)n,z”}

u{p(2n-i,n-j,2i+2j-2)fi, je¥,0<2i+2j-2<n|
u{p(n-j,2n-i,2i+2j-2)fi,je¥,0<2i+2j-2<n|

is a Groebner basis for g, , by Definition 2.8, (LM (G))=(LM (q,)). Hence, by
Proposition 2.11, if we know that LM ( f) is not divisible by any monomial in

LM (G), thenwe have f ¢q,. Itis clear that neither x*"*~*y" Uz nor

2n—(k-u), ,n—(u+l) n-2

X y z"“ is divisible by the leading monomials of the following
polynomials : x*", y*", (xy+22)n, z",and p(n—j,2n—i,2i+2j—2) forall

i,je¥ with 0<2i+2j—2<n. More precisely, because 2n>2n—(k—s+1),

k—s+1) , ,n—(s+1) , n-1

2n>n—(s+1), n>n—(s+1),and 2n—i>n>n—(s+1), x>y g
not divisible by x*", y*', LM ((W+zz)n):x”y”,and

LM (p(n—j,2n—i,2i+2j—2))=x"Ty*"'z*"*"2 respectively; similarly, because
2n>2n—(k-u), 2n>n—(u+1), n>n—(u+1),and 2n—-i>n>n—(u+1),

y
either. For the remaining monomials in LM (G), i.e.,

LM (p(2n—i,n—j,2i+2j—2))=x*""y" 12?2 with i,je¥ and
0<2i+2j—2<n,if x* =Dy s divisible by x2"'y"1z2%2172  then we

2n—(k-u), ,n—(u+1)_n-2

z"? is not divisible by x*", y*", x"y",and x"1y*"iz%+2i-2

X

have
2n—(k—-s+1)>2n—i , n—(s+1),and n-1>2i+2j-2,
and then we obtain
i>k—s+1, j=s+1,and n-1>2i+2j-2,
and thus
n-1>2i+2j-2>2(k—-s+1)+2(s+1)-2=2k+2=n+1>n-1,
which is impossible. Similarly, if x>y “2"2 s divisible by
X2y iz#272 for some i, je¥ with 0<2i+2j—2<n, then we have
2n—(k—u)>=2n—i, n—(u+l)=n—j,and n-2>2i+2j-2,
and then we obtain
i>k—u, j>u+l,and n-2>2i+2j-2,
and thus
n-2>2i+2j-2>2(k-u)+2(u+1)-2=2k=n-1,



which is also impossible. Hence we have LM ( f) is not divisible by
LM (p(2n—i,n—j,2i+2j-2)) forall i,je¥ with 0<2i+2j-2<n.
Therefore we have f ¢q, and get a contradiction. Hence f =0 and this
completes the proof.

Since Proposition 4.5 tells us that there are 2(k+1)+2k =2n elements
which are linearly independent over & in R/q,, their images in

R,/(a,) : (R/q,) arealso linearly independent over ? R /m_ . Hence we
have Ng(g,)=Ng ((qn )m) = Socdim(Rm /(qn)m)z 2n.
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Stepl: Complete the learning sheet. (= = £ f# % & 5 ¥ 8 ) -

Step 2: Write/ draw your blessing on the box cover. (it + B T # %
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Step 3: Write your cards/ English + Chinese. (% = + % & sACigE > &
RPN )

Step 4: Put the love items in the box. (#-& il % ~ > 38 2 L 44
&)

Step 5: Final decoration + your hand print with Box the Love on it + pic of
your own!

(% ineig g v ¢ 2 B¢ + Boxthe Love + &) o
3 EEER G RN S5 S RS S

-\t

ZAFEL SRS T P SIE

+%

4 VB

‘
-~

R AR T2




X

ELEE R & I

e

16 W
pox THE LOV » HON
RE BBERR !

OVE 1§ NEVER 1

¢1. There are some kids around Taiwan/ world are very
different from us.

2. They don't have what we have..such as, families,
friends

3. They may experience something that we will never ever
experience..such cs... violence/ be left behind

<4, They may not be loved... However. we cre.

<5, They may be hurt... bedy... and heart

Box the LOVE _ 5 steps to comp!etem

Step 1: Learning sheet (52nk T )

Step 2: Write/ draw your blessing on the box

Step 3: Write your cards/ English+ Chinese
SERCIET KRR B0

®Box the LOVE _ 5 steps to complete...

Step 4: Put the love items in the box. N f[/.
CEEINIIIEA) ey
Step 5:Final decoration
+ pic of your
own!

(BpeyEf FERE! FBox the Love 1)

Box the LOVE _ [magine...
B8 TR BTEE

The feeling of surprises...

=The feeling of getting gifts..

*What's more important..
--- The feeling of being loved..

Box the LOVE _His true feeling...

“T took each item out of my box one
by one. I wanted fo rejoice for
everything."

- Andy, Shoe box Recipient

(4
3. color pens/ cruyons/ paper or anything
you may need for the decoration of your box
(eflek oo 9
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Tell them you are R
doing the good

deeds!
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DON'T put these in your love box!!!

1. over-used/ barely used/ broken items
B - .
2. NO foed/ drlnks

‘ RESEOAREERR L) NO

Box the LOVE _ do you need...

4. Never forget.

(FRESL » Hh
- a card to show your Iove'

5. Most important... (fHi%AT 3

- The sincerity fo make your love

FINALLY!

HOWMUCHLOV!
YOU'VEEGCXED?
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